For the fire station location problem in a fuzzy environment, two decision-making approaches are presented in this paper to handle the multiple objectives involving fuzzy variables, one of which optimizes the objectives with predetermined confidence levels as the appropriate safety margin set by the decisionmaker, while the other meets the targeted goals with maximal satisfaction level. Following from these two approaches, two decision-making models are formulated correspondingly, which are further transformed into their deterministic counterparts and thus can be solved by classical numerical methods or intelligent algorithms. Numerical examples are presented as well for illustration.
Introduction
The problem of locating fire stations in an efficient manner has been, and continues to be, of significant interest to both the practitioner and the scholar, since it plays a key role in public safety.
The early work special on fire station location problem can date back to the studies of Valinsky [1] and Hogg [2] . Since then, a range of models have been developed, in which the notion of coverage has been extensively utilized, as explicit constraints on the availability of service within time, distance or other standards are key factors in the location of fire stations. For example, a set-covering formulation of the fire station location problem with a hierarchical objective function was presented by Plane and Hendrick [3] , which permits the simultaneous minimization of the number of fire stations and the maximization of the number of existing fire stations within the minimum total number of stations. Maximal-covering models considering multiple performance criteria such as population and property value coverage were developed by Schilling et al. [4] . A It should be noted that locating fire stations is a typical emergency facility location problem, which has a long history in management science and operations research literature. For this more general topic, the interested readers can refer to the studies of Toregas et al. [17] , Simpson and Hancock [18] , and Li et al. [19] .
In this paper, we make a further discussion on the fire station location problem in a fuzzy environment, where the objectives to be achieved or the constraints to be satisfied are not always crisply determined. Usually, locating fire stations involves some different and even conflicting objectives. Multiple objectives concerning both service quality and operating costs are considered in this paper. The service quality is measured by the coverage of service within a predetermined safe distance and the average time traveled from fire stations to demand sites. Since the uncertainty of service requirements and complexity of real-world situations, the operating cost and traveling time are formulated by fuzzy variables instead of deterministic parameters. To handle the multiple objectives in a fuzzy environment, two decision-making approaches are discussed, one of which optimizes the objectives with predetermined confidence levels as the appropriate safety margin set by the decision-maker, while the other meets the goals with maximal satisfaction level. Following from these two approaches, two decision-making models are formulated correspondingly, and then they are further transformed into their deterministic counterparts, which can be solved by classical numerical methods or intelligent algorithms and thus requires no particular solving methods.
The rest of this paper is organized as follows. Section 2 briefly reviews some basic concepts of fuzzy set theory. The problem description and notations are given in Section 3. The two approaches of optimizing objectives with predetermined confidence levels and meeting goals with maximal satisfaction level are discussed in Sections 4 and 5 respectively. Some numerical examples 4781 are presented in Section 6 for illustration and comparison of the two approaches.
Preliminary
In this section, we give some basic concepts of fuzzy set theory initiated by Zadeh [20] , which will be used in the remainder of the paper.
Suppose that τ is a fuzzy variable with membership function µ, and r is a real number. Then the possibility [21] , necessity [22] , and credibility [23] measure of a fuzzy event {τ ≥ r} can be defined by
respectively. Note that a fuzzy event may fail even though its possibility achieves 1, and hold even though its necessity is 0. However, the fuzzy event must hold if its credibility is 1, and fail if its credibility is 0. Furthermore, it has been proved that the credibility measure has self-dual property and is monotone increasing (see [23] ).
Definition 1 (Liu [24] ) Let τ be a fuzzy variable, then its credibility distribution is defined by
Furthermore, a credibility distribution Υ(x) is said to be regular if its inverse function Υ −1 (α) exists and is unique for each α ∈ (0, 1), and the inverse function Υ −1 is called the inverse credibility distribution of τ [25] .
Example 1 A triangular fuzzy number is with a regular credibility distribution. The membership function and credibility distribution of a triangular fuzzy number (a, b, c) are shown in Fig. 1 . It is easy to see that the inverse credibility function Υ −1 (α) exists and is unique for each α ∈ (0, 1). Thus this credibility distribution is regular. Note that for the triangular fuzzy number (a, b, c), its credibility distribution and inverse credibility distribution are
and
respectively. 
Problem Description and Notations
Usually, the determination of the number and the sites of fire stations are the most important decisions in the fire station location planning. However, on the one hand, to improve the public safety, a sufficient amount of fire stations should be built. On the other hand, we cannot also ignore the cost of operating these fire stations. Therefore, they should be located in the most effective way that makes an appropriate trade-off between the service quality and the budget.
In this paper, three objectives are considered for the fire station location in a fuzzy environment as follows:
Objective I: Guaranteeing the safe distance (to meet the safety requirement)
In general, when an accident occurs, the nearest fire station is assumed to response as soon as possible. To guarantee that each demand site can be served properly, it requires that the distance between each demand site and its nearest fire station is roughly within a safe distance, which is usually suggested by various related regulations.
Objective II: Minimizing the annual operating costs (to reduce the economical burden)
To improve the service quality, it is obvious that more fire stations should be setup to cover the demand sites. However, it may go beyond the annual budget approved by the government. Hence a compromise between the service quality and the economical burden should be made. Thus, the objective of minimizing the annual operating costs is considered. Since part of the operating costs depend on the number of accidents occurred and the severity of the accidents, which cannot be precisely predicted or estimated, the annual operating costs are formulated by fuzzy variables in this paper. Therefore, the total annual operating cost is also a fuzzy variable.
Objective III: Minimizing the average traveling time (to improve the overall service quality level)
The safe distance only guarantees that a demand site can be served properly by its nearest fire station. However, in many cases other fire stations are also possible to be assigned for serving this demand site. For instance, the nearest fire station is out of service or its capacity is not adequate due to the severity of accident. Furthermore, the emergent response performance depends on not only the distance but also the traffic condition, the traveling time, the capacity of fire stations, the severity of the accident, and some other unexpected situations. So, in order to improve the emergent response performance of fire stations in the complex actual conditions so as to reduce losses, we need to take collaboration among all the fire stations into consideration. Here we simply consider the average traveling time over all pairs of fire stations and demand sites as an index of the overall service quality. Obviously, because of the presence of various uncertain circumstances, the traveling time can hardly be explicitly determined or even statistically estimated in practice. Hence, it is assumed to be a fuzzy variable, and thus the average traveling time is also a fuzzy variable. Now, it is clear that the fire station location problem is a typical multi-objective optimization problem. In the following discussion, two decision-making approaches are proposed to address it. Before the discussion, some indices, parameters, and decision variables used to describe this problem are introduced as follows: 
Optimizing Objectives with Predetermined Confidence Levels
To handle the multiple objectives in a fuzzy environment, we first consider optimizing these objectives with some predetermined confidence levels.
Goal I: For the first objective, i.e., guaranteeing the safe distance, it requires that the distance between each demand site and its nearest fire station is roughly within a safe distance, which can be formulated as 
To meet the safety requirement, d
+ d is to be minimized. Goal II: For the second objective, i.e., minimizing the annual operating costs, it requires that the cost should be roughly below a prespecified amount, which can be formulated as
where n i=1 X i ξ i is the total annual operating cost,d
o are positive and negative deviations from P , respectively. It is obvious that the total annual operating cost is a fuzzy variable owing to the fuzzy annual operating cost of each fire station. Consequently, the positive and negative deviations,d − o may not be understood in the usual sense. In this case, we can consider the positive and negative deviations from P at a given confidence level α by introducing
where d Goal III: For the third objective, i.e., minimizing the average traveling time, it means to minimized
Since the average traveling timed + t is also a fuzzy variable, minimizingd + t is not clearly defined in the usual sense. Similarly, we may consider minimizing the β-optimistic value ofd + t , i.e.,
where β is a predetermined confidence level. Note that the β-optimistic value d + t ≥ 0 due to the nonnegativity of η ij and
In order to handle the fuzzy multi-objective optimization problem, the decision-maker may desire the optimization goals involving fuzzy variables to hold at least with some confidence levels. In such a case, these fuzzy objectives may be expressed as deterministic objectives with some fuzzy chance-constrained requirements, as suggested by Liu and Iwamura [26, 27] . With the predetermined confidence levels α and β, the fire station location problem in a fuzzy environment can be formulated as
where lexmin in the objective function denotes that the objectives are to be minimized lexicographically.
Model (10) is a fuzzy goal programming model with chance constraints based on credibility measure. In order to solve this model, we first recall the arithmetic operational law of independent fuzzy variables given by Zhou et al. [25] as follows.
Theorem 1 (Zhou et al. [25] ) Let τ 1 , τ 2 , · · · , τ n be independent fuzzy variables with regular credibility distributions
is a fuzzy variable with inverse credibility distribution
According to Theorem 1, the following result can be obtained.
Proposition 1 Assume that ξ i and η ij are all independent fuzzy variables with regular credibility distributions
Φ i , Ψ ij , i = 1, 2, · · · , n, j = 1, 2, · · · , m, respectively. Then (1) Cr m i=1 X i ξ i − P ≤ d + o
≥ α holds if and only if
where Φ
−1 i
are the inverse credibility distributions of
≥ β holds if and only if
where
X i ξ i . It follows from Theorem 1 that ξ is a fuzzy variable with inverse
It is easy to see that Cr{ξ ≤ d By Proposition 1, the proposed model (10) can be further transformed into a deterministic programming model as
Note that the objective function can also be expressed by
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where P j , j = 1, 2, 3, are the preemptive priorities assigned to the three objectives, respectively, with P 1 P 2 P 3 , which express the relative importance of these goals.
Meeting Goals with Maximal Satisfaction Level
Different from models (10) and (16), which optimize the objectives with predetermined confidence levels, now we consider to find a solution which achieves the targeted goals with maximal satisfaction level. That is, the confidence levels are to be optimized rather than to be predetermined. In order to describe the degree of a solution achieving the targeted goals, we introduce the concept of satisfaction level as follows.
Satisfaction Level I: For simplicity, we first consider the objective of annual operating cost. For this objective, the goal is to minimize the positive deviation from the targeted value P . The satisfaction level h o of achieving this goal is just the chance that the total annual operating cost is less than or equal to P . That is,
Satisfaction Level II: As for the objective of average traveling time, to define the satisfaction level, a targeted value T should be prespecified similarly with that of annual operating cost. In order to minimize the average traveling time, we can define the satisfaction level as
Note that the targeted value T in model (10) is not explicitly specified or can be treated as zero. However, the average traveling time is always far from zero, so the satisfaction level of approaching to zero is meaningless. To define the satisfaction level more effectively, an appropriate targeted value T must be specified, which can be determined by the targeted goal or presolving the problem to get its possible range.
Satisfaction Level III:
For the objective of safe distance, the goal is to minimize the positive deviation from the targeted value D. Similarly, the satisfaction level concerning this goal can be formulated as
Note that max j min {i|X i =1} d ij is a deterministic variable, and D is a constant. Hence, h d is in fact a binary variable, which equals to 1 while max j min {i|X i =1} d ij ≤ D, and 0 otherwise. This is much stronger than the safe distance constraint in (10). So we think h d is not an appropriate definition of satisfaction level for this goal. To weaken this definition, i.e., to allow a certain positive deviation from the prespecified value, we can soften the targeted value in a reasonable range. Namely, use a fuzzy targeted value D to model the satisfaction level as follows,
where Γ is the credibility distribution of D.
This idea is also reasonable and making sense in practice, as the targeted goal is not always crisply specified. For example, we may describe the requirement of safe distance as "5 km is good enough. 7 km is acceptable. Exceeding 10 km is totally unacceptable.", which can be formulated by a triangular fuzzy number as (5, 7, 10) .
Furthermore, let us illustrate the geometric interpretation of the satisfaction level that a deterministic variable x does not exceed a triangular fuzzy number (a, b, c) as shown in Fig. 3 (a) . If x is less than the lower bound a, the satisfaction level is 1; if it equals to the center value b, the satisfaction level is 0.5; if it is more than the upper bound c, the satisfaction level is 0. Similarly, the satisfaction level of a triangular fuzzy number (a, b, c) not exceeding a deterministic variable x is shown in Fig. 3 (b) . Overall Satisfaction Level: Now, let us consider the multiple objectives. In order to find a solution which achieves all the targeted goals with a certain satisfaction level, we should take all the satisfaction levels concerning each goal into account. One way is to define an overall satisfaction level as follows, and then the overall satisfaction level is to be maximized.
As a result, the fire station location problem in a fuzzy environment can be formulated as the following programming model,
where Γ is the credibility distribution of the targeted safe distance D, and P and T are the targeted value of annual operating cost and average traveling time, respectively.
Similarly with the transformation from (10) to (16) , it follows from Theorem 1 that model (23) can be further transformed into a deterministic programming model as
Until now, two models (10) and (23) are developed following from the two proposed decisionmaking approaches, which are further transformed into their equivalent deterministic models (16) and (24), respectively. It should be noted that models (16) and (24) are both mixed integer nonlinear programming problems. Generally, solving such models require much computational effort. However, using some well developed software packages, for example, CPLEX and MATLAB, they can be solved effectively to a moderate size or even large size.
Numerical Examples
In this section, numerical examples of small size are presented for illustrating the two decisionmaking approaches presented in Sections 4 and 5. Assume that there are 10 candidate sites for fire stations and 10 demand sites to be served. The locations of candidate fire stations and demand sites are shown in Fig. 4 (a) . The distances of all pairs of fire stations and demand sites are given in Table 1 . In order to meet the safety requirements, the safe distance sets to be 5. Moreover, the traveling times η ij from fire station i to demand site j are assumed to be independent triangular fuzzy variables, as shown in Table 2 , and their credibility distributions are denoted by Ψ ij , i, j = 1, 2, · · · , 10, respectively. Besides, assume that the annual operating costs ξ i are independent triangular fuzzy variables, and their credibility distributions are denoted by Φ i , i = 1, 2, · · · , 10. The information of the parameters is given in Table 3 . The total annual operating cost targeted for all the fire stations is 850,000.
Example 3
We first consider the approach of optimizing objectives with predetermined confidence levels. According to the parameters given above, to optimize objectives with given confi- dence levels α = 0.8 and β = 0.8, model (16) can be further transformed into
where P 1 , P 2 , P 3 are the preemptive weights assigned to the objectives, respectively, with P 1 P 2 P 3 . With the given confidence levels α and β, Φ Table 4 . The final optimal locations of the fire stations are 2, 3, 4, 5, 6, 7, 10 as illustrated in Fig. 4 (b) . Example 4 Next, we consider the approach to meet goals with maximal satisfaction level. As the safe distance is set to be 5, the corresponding lower bound of the reasonable range should be 5 while softening the targeted value concerning the objective of safe distance. Concretely, here the fuzzy targeted value D sets to be a triangular fuzzy number (5, 7.5, 10), which means the satisfaction level is 1 if the distance is not more than 5, the satisfaction level is 0.5 if the distance is 7.5, and it gets 0 if the distance exceeds 10. Moreover, the targeted value T of average traveling time is set to be 17.
According to model (24) , in order to find a solution which achieves the targeted goals with maximal satisfaction level, the fire station location problem can be formulated as By solving model (26) with the support of MATLAB, we can get the maximal satisfaction level as well as the corresponding optimal locations of fire stations. The maximal satisfaction level h is 0.9230, and the final optimal locations are also 2, 3, 4, 5, 6, 7, 10 as illustrated in Fig. 4 (b) .
Conclusions
Further discussions on the fire station location problem in a fuzzy environment are presented in this paper. To handle the multiple objectives involving fuzzy variables, two decision-making approaches of optimizing objectives with predetermined confidence levels and meeting goals with maximal satisfaction level are proposed. The approaches presented in this paper illustrate alternative decision-making approaches and modeling techniques for multi-objective optimization problems under fuzzy environments.
